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Gibbs approach system of N particles

behavior of the representative ensemble

pi

qi

Phase space  (6N dimensions)

N  : cloud  region

(qi, pi, t) :  distribution function

… (qi, pi, t) dqi dpi =  1

normalized



2.- Coarse description in CSM: coarse graining

( , ) ( ),i iq p x x   



2.- Coarse description in CSM: coarse graining

( , ) ( ),i iq p x x   

: , ℝ OO O

phase average
( , )

( ) ( , ) ( )
x t

O x x t O x dx
 

 

 Mechanical magnitude: 



2.- Coarse description in CSM: coarse graining

( , ) ( ),i iq p x x   

: , ℝ OO O

phase average
( , )

( ) ( , ) ( )
x t

O x x t O x dx
 

 
 Entropy: 

Gibbs entropy ( ) ( , ) log ( , )GS t k x t x t dx


   

 Mechanical magnitude: 



2.- Coarse description in CSM: coarse graining

( , ) ( ),i iq p x x   

: , ℝ OO O

phase average
( , )

( ) ( , ) ( )
x t

O x x t O x dx
 

 
 Entropy: 

Gibbs entropy ( ) ( , ) log ( , )GS t k x t x t dx


   

 Mechanical magnitude: 

accessible region   
A

microcanonical ensemble

 Statistical equilibrium: 

for 

0 for 

A

A

cte x

x




( )x 



2.- Coarse description in CSM: coarse graining

Evolution to equilibrium



2.- Coarse description in CSM: coarse graining






 




 











0 ( ) x

0A
Evolution to equilibrium



2.- Coarse description in CSM: coarse graining






 




 











 











 

 

















0 ( , )x t

t

1( )x

1A

Evolution to equilibrium



2.- Coarse description in CSM: coarse graining






 




 











 











 

 

















0 ( , )x t

t

1( )x

1A

0(x)

A0

1(x)

A1

t

Evolution to equilibrium



2.- Coarse description in CSM: coarse graining






 




 











 











 

 

















0 ( , )x t

t

1( )x

1A

0(x)

A0

1(x)

A1

t

Evolution to equilibrium

Liouville theorem



2.- Coarse description in CSM: coarse graining






 




 











 











 

 

















0 ( , )x t

t

1( )x

1A

0(x)

A0

1(x)

A1

t

Evolution to equilibrium

Liouville theorem

A0

t

0(x)

1(x)

A1



2.- Coarse description in CSM: coarse graining

Coarse-grained partition of  in cells Ci

 

 
1

2

1 1

2 2

1/ ( ) ( ) if 

1/ ( ) ( ) if 

C

C

C x dx x C

C x dx x C

  

  




M

( )cg x 



2.- Coarse description in CSM: coarse graining

Coarse-grained partition of  in cells Ci

(x)

cg(x)

 

 
1

2

1 1

2 2

1/ ( ) ( ) if 

1/ ( ) ( ) if 

C

C

C x dx x C

C x dx x C

  

  




M

( )cg x 



2.- Coarse description in CSM: coarse graining

Coarse-grained partition of  in cells Ci

(x)
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Multiple realizability
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Definition of reduced state
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 D’Espagnat:

 Schlosshauer:

ˆ S

r is an improper mixture

ˆ S

r is a calculational tool for

computing expectation values
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4.- Coarse graining and partial trace as projections

Projector: traditional concept

y

x

v

vx

xv v 

x xv v v v     

Generalization

Projector: operator  such that   = 
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Coarse-graining in CSM as projection
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4.- Coarse graining and partial trace as projections

Coarse-graining in CSM as projection

( ) ( ) ( )cg x x x    

Easy to see because (x) and cg(x) have the same

dimensionality (both defined on  of 6N dimensions)

1
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C
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x x dx x C
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
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Partial trace in QM as projection (Fortin & Lombardi 2014)
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Partial trace in QM as projection (Fortin & Lombardi 2014)

For dimensional reasons:
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can be defined as a projection
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normalized identity operator with

coefficients:
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It can be proved that ˆ ˆS SE
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6.- Coming back to multiple realizability 

 Supervenience is not paradigmatically multiple realizability:

partial trace is not a simple many-to-one relation

 This relationship is not even supervenience:

There may be a change in the upper level without change in 

the bottom level (changing the set of relevant observables)

 The moral of the story:

What is relevant is the relationship between an underlying level, 

represented by states, with what is empirically accessible,

represented by observables.

Instead of supervenience or multiple realizablity, I prefer

intra-theory emergence




